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Abstract

If R is a ring graded by the semigroup S, then the smash product ring R#S* can be con-
structed, and in many situations retains categorical “realization” properties analogous to those of
the group-graded case. In particular, if S acts as endomorphisms on the ring A4, then skew semi-
group rings of the form 4 xS™ and S” % 4 are graded by S, so we may form the “skew—smash”
rings (4*S™) # S™ and (S* x4) # S*. On the other hand, S acts as endomorphisms on any ring
of the form R # S*, so that the skew semigroup rings (R # S*)* S™ and S* * (R # S*) may be
produced. In particular we may perform this construction when R itself is a skew semigroup
ring of the form A4 * 5™ or S x 4, thereby yielding “skew-smash-skew” rings. In this article we
analyze the resulting skew—smash and skew—smash—skew rings, and prove that each can be re-
alized as a skew semigroup ring for an appropriate ring and (possibly new) semigroup. Inherent
in our investigation is the description of a number of methods by which given semigroups can
be used to produce new, related semigroups. As one consequencc of our results we provide a
broader context for some of the group-theoretic “duality” results of Cohen and Montgomery.

0. Introduction

During the 1980s many authors studied group-graded rings. Probably the most cel-
ebrated and useful results in the fieid are the two ‘duality’ theorems of Cohen and
Montgomery [6, Theorems 3.2 and 3.5}. Historical precedents, along with a current
renewed interest in graded rings, lead to an interest in some kind of duality theorems
for semigroup-graded rings. The main aim of this article is the investigation of such
results.
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Indeed, the Cohen—Montgomery results may be viewed as results about semigroup-
graded rings, as follows. For a finite group G let S = {e,, | x,y € G} U {z}; S has
a semigroup structure defined by setting e,.e,, = e, and setting all other products
equal to z. Then the Cohen—Montgomery theorem for actions can be stated as follows:
If G acts on the ring R as automorphisms then R * G is G-graded, and the smash
product (R x G)#G is isomorphic to the contracted semigroup ring RS*. Similarly,
their duality theorem for coactions takes the form: If R is a G-graded ring then G acts
as automorphisms on the smash product R# G, and (R#G) * G is isomorphic to the
contracted semigroup ring RS*. With this point of view in mind, we present in this
article two types of results, of which we now give a brief synopsis.

Let R be a ring graded by the finite semigroup S. Analogous to the construc-
tion in the group-graded case (see e.g. [6]), we may form the smash product ring
R#S*. In particular, if § is a semigroup which acts as ring endomorphisms on the
ring A, then we may construct skew semigroup rings of the form S x4 and 4 xS
in a number of “natural” ways (we are purposely being rather imprecise with our
notation here); regardless of the specific construction used, the resulting rings are al-
ways graded by S, so that we may form the “skew—smash” rings (§ * A)#S* and
(A=SY#S™.

On the other hand, if R is a ring graded by the semigroup S, then there are natural
actions of S as ring endomorphisms on R#S™*. In particular, “smash—skew” rings of the
form S+ (R#S5*) and (R#S*)*S may be produced. In the specific case in which R is a
skew semigroup ring over S, the resulting rings can be viewed as “skew—smash-skew”
rings.

The goal of this article is to describe explicitly skew—smash and skew—smash—skew
rings. Throughout this article we will focus on two specific skew semigroup ring con-
structions; one quite general, the other arising in more structured contexts. For both of
these constructions, we show (in Section 2) that the skew—smash rings (S*A4)#S™ and
(A4 x S)#S5™* can be realized (respectively) as the rings SxA4 and 4% S for a suitable
semigroup S; see Theorems 2.3 and 2.5. Moreover, if S acts as automorphisms on the
ring A then each of these rings is isomorphic to an incidence ring with coefficients in
A. This last result may be viewed as a complete generalization to semigroups of the
Cohen—-Montgomery duality theorem for actions described above.

Unfortunately, there seems to be no ‘nice’ generalization to semigroups of the cor-
responding duality theorem for coactions. However, we are able to obtain concrete
characterizations of certain types of rings in this setting. Specifically, in Section 3 we
study the eight types of skew—smash—skew rings which arise in an examination of a
ring A, semigroup S, and either one of the two specific types of skew semigroup ring
constructions. We demonstrate that each of these eight rings can be realized as a skew
semigroup ring over the ring A by utilizing a new semigroup which arises from the
original semigroup S.

Additional information about semigroups can be found in [7]. Indeed, the results of
this article may be viewed as a natural continuation of the discussion which appears
in [7, Ch. 6]. Additional information about duality theorems for groups can be found
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in [8]. Loosely speaking, the approach we take here for semigroups mimics to a small
degree the approach described for groups in [8, Section 1.2].

1. Preliminaries

Throughout this article § will denote a semigroup. If S contains a zero we will
always denote it by z, and in this case we denote S — {z} by S*. For simplicity of
exposition, we will always assume that S is finite, however, the reader will observe
that a number of these results remain true more generally. The opposite semigroup
of § will be denoted by S°P. Unless otherwise indicated, all functions and morphisms
will be composed from left to right, so that f o g (or simply fg) will mean “first
f, then g”. The letter 4 will denote an associative ring. We write £(4) to denote the
collection of ring endomorphisms of A (in case 4 is unital, we do not assume that such
an endomorphism preserves the multiplicative identity of 4), while Aut(4) is used to
denote the group of ring automorphisms of 4.

The semigroup S is called /i (for “local identities”) in case S* contains a set of
orthogonal idempotents £ such that for each g € S* there exist (necessarily unique)
e,e’ € E with ege’ = g. In this case we sometimes denote e by ¢, and ¢’ by e;. We call
S right x-cancellative in case for any three elements f,g,h € S*, if fh = gh € S* then
f =g. We call S a category in case S is li., and for any three elements f,g,h € S*,
if fg € §* and gh € S* then fgh € S*.

If < is a transitive relation on the set .X, then the semigroup X< is defined to be
the set of ordered pairs {(x,y) € X x X | x < y} U {z}, with multiplication given
by setting (x,y) - (x',3') = (x,)') in case y = x/, z otherwise. The element (x, y) is
sometimes denoted by <,, . If (X,<) is a preorder, then X < is Li. If 4 is any ring
and (X, <) is a preorder, then the incidence ring of X with coefficients in 4 is denoted
I(X,4). In particular, if (X, <) is a totally ordered set with n elements, then /{X,A4) is
the ring of n x n upper-triangular matrices over 4, which we denote by U,(4).

If I' is a directed graph then the semigroup of I' is defined to be the set of di-
rected paths (possibly of length zero) in I', together with z. Multiplication is given by
Jjuxtaposition when appropriate, z otherwise.

We say that a ring R is graded by § if there is a family {R/|f € S} of addi-
tive subgroups of R such that R = res Ry, and for each pair f,g in § we have
Ry - R;C Ry, If R is graded by the Li. semigroup S then we say R is locally unital
in case for each e € E there exists a, € R, with the property that if g € S* and
r € Ry then a. r =r = ra.,. Any locally unital graded ring R is unital (since we have
assumed that all semigroups are finite), with 1z = Zee gde.

When R is a ring graded by S then the smash product ring R#S5* is defined to be
the collection of S*-square matrices of the form

> Tr€fhh
f ohES*
fhes
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under the usual matrix operations, where r; € R, and ryeyy ;, denotes the matrix which
is rr in the (fh,h) coordinate and O elsewhere. We point out that if § is 1i. and R is
locally unital, then the ring R# 5™ presented here is identical to the ring RAS* given
in [4]. Specifically, by [4, Corollary 2.27 ] in this situation we get that the category
R#8*-mod is equivalent to the category R-gr, (which consists of those S-graded left
R-modules having zero z-component). Additionally, in this situation R#S* is unital,
with IR#S* = ZIES" 16161,1.

Definition 1.1. Let 4 be an associative ring, and let S be a finite semigroup. Suppose
o : 8" — E(A4) (resp. ¢ : S* — Aut(4)) has the property that for any pair ¢,/# in S
with gh # z, (gh)o = (g)o o (h)o. In this case we say that ¢ is an action of S* as
endomorphisms (resp. automorphisms) on A. For a € A and h € S we denote (a)(h)o
by a'°.

We denote the abelian group @ . As by (S* %, 4), where each 4, = 4. For s € S
and a € 4 we denote the element of (S* ¥, A) which is @ in the s-component and zero
elsewhere by s[a], or simply by sa. We define multiplication in (S* %, 4) by setting
ga-hb = gh[a"’b] for each pair g,h € S having gh # z and each pair a,b € 4, setting
ga - hb = 0 whenever gh = z, and extending linearly to all of (S* %, 4). (S* %, 4) is
thus an associative ring.

If in addition 4 is unital, we denote the subgroup @, ¢. 177 - 4, of (S* *, 4) by
S* x, A. It is easy to show that $* %, 4 is a subring of (S* %, 4), and that these two
rings are equal in case ¢ is an action as automorphisms on A.

We call any ring of the form (S* x, 4) or §* x, 4 a skew semigroup ring of S* with
cocflicients in 4. O

Definition 1.2. Let 4 be an associative ring, and let S be a finite semigroup. Suppose
78" — E(A) (resp. y : S* — Aut(A4)) has the property that for any pair ¢,k in S
with gh # z, (gh)y = (h)y o (g)y. In this case we say that y is a reversing action of
S* as endomorphisms (resp. automorphisms) on A. For a € A and h € S we denote
(a)(h)y by a7,

We denote the abelian group &P, . As by (4 *, S*), where each 4, = 4. For s € §
and a € A we denote the element of (4 x, $*) which is a in the s-component and zero
elsewhere by [als, or simply by as. We define multiplication in (4 ., §*) by setting
ag - bh = [ab'97]gh for each pair g,k € S having gh # z and each pair a,b € A, setting
ag - bh = 0 whenever gh = z, and extending linearly to ali of (4 *, S*). (4 %, S*) is
thus an associative ring.

If in addition 4 is unital, we denote the subgroup @, . A; - 147 of (4 %, S*) by
A %, 8. It is easy to show that 4 *, S* is a subring of (4 *, §*), and that these two
rings are equal in case y is a reversing action as automorphisms on 4.

We call any ring of the form (4 *, $*) or 4*,S* a skew semigroup ring of S* with
coefficients in 4. O

Skew semigroup rings of the form (S* x, 4) or (4 *, $*) are the expected general-
ization of (contracted) semigroup rings. On the other hand, skew semigroup rings of
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the form S™ x,4 or 4%, 5 arise naturally in the study of endomorphism rings of graded
modules. In addition, skew semigroup rings of this type are often unital, and possess
some fairly interesting ring-theoretic properties. For additional information regarding
skew semigroup rings of this type, see [2, 3].

Throughout this article we will be presenting isomorphisms between the aforemen-
tioned four types of skew semigroup rings and various other rings. In order to keep the
notation and length of this article reasonably manageable, we will often spend most
of our attention on a description of the isomorphisms for skew semigroup rings of
the form (S* *, 4), and then let the reader supply the appropriate isomorphisms for
rings of the form S* *, 4 (by restriction) or rings of the form (4 *. %) or 4 x. S* (by
symmetry).

Analogous to the situation for groups, skew semigroup rings of any of the four
types are the prototypical examples of rings graded by the semigroup S, where for each
S € §* we define the f-graded component by setting (S* x,4), = {f[alla € 4}
and (4, S"), = {[alfla € 4}. (We set the z-component of each of these rings
equal to {0}.)

The supporting details for the following remarks can be found in [3, Section 2]. If §
is an Li. semigroup then any local unital S-graded ring is unital. Nonetheless, the rings
S* x5 A and A4 *, S* need not be unital or locally unital, even when S is Li. However,
if o (resp. y) has the additional property that 1¢¥a = g9 (resp. al'®” = a'*)7) for
each e € E and a € 4, then $* x,4 (resp. A*.8*) is locally unital, hence unital. Under
these hypotheses we say that ¢ (resp. v) is a locally unital action (resp. locally unital
reversing action). In particular, if S is an l.i. semigroup then any action or reversing
action of S* as automorphisms on a ring 4 is necessarily locally unital.

Example 1.3. Let & be a field, and let W denote the matrix ring

k00
W=10kk
00k

Let S denote the semigroup of the directed graph |- — 3; s0 S = {1,,2,z} with 1 and
2 idempotent, 1o = 22 = a, and all other products equal to z. Let ae|, +bexr+cer;+dess
denote an arbitrary element of . We define ¢ : S* — E(W) by setting:

(aey| + bexy + cex + d€33)(l)a = aey;
(aey| + bexy, + cer3 + dess )(1)‘7 = aey
(aeq| + bex + cexy + des3 )P = bey + ceys + dess.

A tedious check verifies that (s)o € E(W) for each s € S*, and that ¢ is indeed an
action of §* as endomorphisms on #. Thus we may form the rings (S* x, W) and
S* x, W.

By definition, each of the elements of (S* x, W) can be written in the form 1w, +
aw, + 2w, (with each w, € W). Furthermore, since (1)1 = ey, (14)*? = ¢,,, and
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(1)®? = ey; + e33, an easy computation verifies that the elements of S* x, W can be
written in the form

a0 000 000
1000 | +ax|0bc|+2]|0de
000 000 00 f

where a,b,c,d,e, f € k. Finally, another tedious computation verifies that S* x, W is
in fact isomorphic to the ring Us(k) of upper triangular 3 x 3 matrices over k, by the
map which takes

a00 000 000 abc
11000 |+a|O0bc|+2|0de to 0de (. O
000 000 00 f 00 f

If ¢ (resp. y) is the function which associates the identity automorphism on the
ring 4 with each element of S*, then the resulting semigroup rings (S* %, A} and
S* %, A (resp. (4 *, 5*) and 4 *, S*) are equal; we denote this (contracted) semigroup
ring simply by S*4 (resp. AS*). In case S = X< for some preordered set X, then
S*A X AS* X (X, A).

If ¢ is an action of $* as endomorphisms on 4, then ¢ may be viewed as a reversing
action of (S°?)* on 4 in the obvious way. We denote the resulting skew semigroup
ring by A *, S°*. A similar statement holds for reversing actions. If S is a group then
the rings S* *, A4 and 4 *, $°* are isomorphic; for general semigroups, however, they
need not be (see for instance the remark following [3, Example 1.4]).

The following definitions are developed more fully in [3].

Definition 1.4. Let S be a semigroup, and let R be an S-graded ring.

(1) Suppose § is right *-cancellative. We define an action p of $* as endomor-
phisms on R#S™ as follows: for each 7 € S*, (h)p € E(R#S5*) is the linear extension
of the function

¥refan, gh if fgh S S*;
Mp: rrepyy— { )

0 otherwise.
(The right x-cancellativity of § is used to show that each (%)p is a ring homomorphism
of R#S*.) Thus we may form the rings (S* x, [R#S*]) and ([R#S*] *, S°*). If R#S*
is unital (e.g. if § is Li. and R is a locally unital) we may form the rings S* *,[R#S5*]
and [R#5*] %, 5°* as well.

(2) We define a reversing action A of S$* as endomorphisms on R#S* as follows:

for each h € §*, (h)A € E(R#S™*) is the linear extension of the function

(h))v . rfefg’g — kzs: rfefk,k
es*

kh=y
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(where we interpret the empty sum as 0). Thus we may form the rings ([R#S5*] x; S*)
and (S =; [R#5*]). If R#S™ is unital (e.g. if S is Li. and R is locally unital) we
may form the rings [R#5*] *; S* and S *; [R#S*] as well. O

When § is Li. and R is locally unital the two actions and two reversing actions
described in Definition 1.4 are locally unital, so that the four rings S* =, [R#S],
[R#S*] *, S, {R#S*]) %, S, and S$°* *; [R#S™] are in fact unital.

2. “Skew—smash” constructions

If S is a semigroup for which there is an action (resp. reversing action) as endo-
morphisms on the ring 4, then we may form the skew semigroup ring {S* = A} (resp.
(4 * S*)) as described in the previous section. Any ring of this type is graded by S, so
that we may in turn construct a ring of the form (S* = A) #S5* (resp. (4 = S*) #S5*).
Similar statements hold for rings of the form S* x 4 (resp. 4 % S*). Our goal in this
section will be to concretely describe these resulting “skew—smash” rings. Specifically,
we will show that each of these may be realized as a skew semigroup ring for a new
semigroup S with coefficients in 4.

Definition 2.1. Let S be any semigroup. We form a new semigroup S by setting S=
{(s,x) € S* x §* | sx € §*} U {Z}, and defining multiplication in S by setting

A vy s Xy if x =Y

in S (sx)-(shx) = {3 otherwise.

It is easy to check that this indeed yields a semigroup structure on S. Moreover, if S
is Li., then so is S, with E = {(e,,x) | x € $*}.

Now suppose g : S* — E(A) is an action of $* as endomorphisms on the ring 4. We
define a new function  : §* — E(4) by setting ((5,x))6 = (s)o. It is straightforward
to show that & is an action of $* as endomorphisms on 4 (and that G is locally unital
in case § is 1.1. and o is locally unital). We therefore may in general form the skew
semigroup ring (§* *~A4), and the ring S* *~A4 when appropriate.

Similarly, if y : $S* — E(A) is a reversing action of S* as endomorphisms on the
ring A, we define a new function 7: 8* — E(4) by setting ((s,x))7 = (s)y. Then =
is a reversing action of S* as endomorphisms on 4 (and % is locally unital in case S
is Li. and y is locally unital). We therefore may in general form the skew semigroup
ring {4 *?g*), and the ring 4 *7§* when appropriate. [J

Example 2.2. Let S, W, and ¢ be the semigroup, ring, and action described in Exam-
ple 1.3. It is easy to check that S = {0, D), (1, 2),(2,2),(2,2)} U{z}. In fact, S is
isomorphic to the semigroup arising from the partially ordered set having - | as its
Hasse diagram. .
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The elements of (§**?W> are of the form (1, 1wy + (1, 2)wi,+(2,2)wyn +(2,2)wn
(where each wg, € W), while S *~ W consists of elements of the form

k 00 k2 00 000 000
(Dl o000 +La)l 000} +@2){ 0k ks | +(22)( 0 ks ks
000 000 000 00 k

(where k; € k for 1 <i < 7). We will describe S* *~W as a ring of matrices (indeed,
as a smash product ring) in Example 2.4 below. [

We offer the remarks in this paragraph as a sidelight observation regarding one of the
distinctions between a semigroup 7 and its nonzero elements 7*. Using the notation
of the previous example, we set T = E; then & is an action of T* as endomorphisms
on W. We claim that ¢ cannot be extended to a semigroup homomorphism from 7' to
E(W). To see this, just suppose & could be extended. Since (1,1)(,2) =Z in T we
would necessarily have

(@Yo = ((1,1) - (x2))0 = ((1,1))g o (2, 2))5 = (1)5 0 (2)5 = (1)5,

which is not the zero endomorphism on . On the other hand, (1,1)-(2,2) =Z in T,
so that

@)o = ((1,1)-(2,2))5 = ((1,1))7 2 ((2,2))5 = (1)5 0 (2)g,

which is the zero endomorphism on W.

The following theorem is the first main result of this article. In it, we show that there
is a strong connection between the skew semigroup ring S *~A4 and the star-smash
process.

Theorem 2.3. Let S be a semigroup, and let o be an action of S* as endomorphisms
on the ring A. Then, with G as described in Definition 2.1, there is an isomorphism

of rings
(S* x~ ) = (S %, A)#S™.

If in addition A is unital then this isomorphism restricts to an isomorphism of rings
S* %~A X2 (8" %, 4) #S™. Moreover, if S is Li and o is locally unital, then each of
these latter two rings is unital, and the isomorphism is as unital rings.

Proof. We define O : <§* *~A) — (S* *x; A) #S5* by setting ((s,x)a) O = saes  for
each (s,x) € S* and each a € 4, and extending linearly. Then for any (s,x),(s',x') € S*

and a,a’ € A we have
(s,%)a- (,¥)a")O

(5, x)H)a e if x = s'x
0 if x # s'x'
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(using the definitions of 6 and &)

! .
ss'a® % e o if x = 8'X
0 if x #s'x

1w : )
sa-sa ey if x=s% ..
= {( Yessraa (as the product is in S* *, 4)

0 if x# s'x'
= 5aegy . - §'Ad ey
= ((5,x)a)® - ((s',x")a")o.

Thus @ is a homomorphism. It is easy to see from the definitions of the appropriate
rings that © is bijective.

Also, it is clear from the definitions that @ restricts to an isomorphism from S *~A
to (S* %, 4) #5*. The final statement is straightforward. [J

Example 2.4. With the notation as in the previous examples, the ring (S* %, W) #S5*
is, by definition, the ring of matrices of the form

1W|| 0 0
0 1wy awyp
0 0 2wy

where w1, Wiy, Wa2, waa € W. Similarly, the ring (S* %, W)#S™ consists of those ma-
trices of the form

l[k]@]l] 0 0
0 1[koen] afksers + kseas]
0 0 2lksexn + ksezz + kreaz]

where k; € k for 1 < i <7, the matrix units e;; are taken from the 3 x 3 matrix ring
over k, and we have listed the elements of S* in the order 1,a,2. The isomorphism
e (& x=W) — (S* *, W)#S* and its restriction s+ I~ W — (S %, W)H#S* are
then precisely the expected ones, given the representations of <§* *~W) and s x~W
provided in Example 2.2. O

In a manner analogous to that described above for actions, we get the following
result for reversing actions. The proof is quite similar to the one given in Theorem
2.3, and hence is omitted.

Theorem 2.5. Let S be a semigroup, and let y be a reversing action of S* as endo-
morphisms on the ring A. Then there is an isomorphism of rings

(A %~8*) = (4 %, S*) #57,
given by the linear extension of a(s,x) — asegy y. If in addition A is unital then
this isomorphism restricts to an isomorphism A x~S* = (4 *, S*)#S8*. Moreover, if
S is Li. and vy is locally unital, then each of these latter two rings is unital, and the
isomorphism is as unital rings.
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Theorems 2.3 and 2.5 accomplish one of the goals described in the introduction.
Specifically, we have constructed a new semigroup from an existing one, and shown
that skew—smash rings may be realized as skew semigroup rings for these new semi-
groups. In the remainder of this section we point out some specific consequences of
these two theorems.

We begin by noting that there is a strong connection between the semigroup S and
certain preordered sets, described as follows. Let § be any semigroup. We define a
relation < on S* by setting, for each pair g,h € §*, g < A if there exists [ € S*
with g = fh. Then < is easily shown to be transitive. Moreover, if S is Li., then < is a
preorder on S*. This preorder on S* produces the semigroup S<, consisting of elements
of the form <, where f,h € §* having fh € §*. When S is right *-cancellative, it
is easy to show that S is isomorphic to S<, by the map (s,x) —<grx -

Next, let y: S* — E(4) be a reversing action of S* as endomorphisms on A.
We define the function U: 45* — 4 *?3* as the linear extension of (a(s,x))¥ =
a"*(s,x). It is straightforward to show that ¥ is a ring homomorphism. Moreover, if
v 8* — Aut(4) is a reversing action of S as automorphisms on A4, then W is clearly
bijective. Furthermore, if S is right x-cancellative and Li. then the semigroup ring AS*
is precisely the incidence ring /(S*,4) with the ordering on S§* given in the previous
paragraph. Thus we have

Corollary 2.6. If y:S* — Aut(A) is a reversing action of the semigroup S as auto-
morphisms on A, then there is an isomorphism of rings

AS™ 2 (A%~5") 2 (4%, 5*) #S*.

If A is unital, we get an isomorphism AS* = 4 *_Aﬁ* = (A, S*)#S*, as these three
rings are equal to the three rings (respectively) in the above displayed sequence of
isomorphisms. Moreover, if S is right *-cancellative and Li. then each of these rings
is isomorphic to the incidence ring 1(5*,A4).

A construction analogous to the one described prior to the above corollary can be
performed in situations where o : S* — E(A4) is an action of §* on 4 as endomor-
phisms; this yields a morphism from 1(S*,4)° to So *~A, which we do not investigate
further here. However, in case ¢ : S* — Aut(A4) is an action of $* as automorphisms
on A, then by considering the linear extension of the function from 5*4 to §* k= A

which takes (s,x)a — (s,x)a® ', a computation similar to that given above yields

Corollary 2.7. If 6: S* — Aut(A4) is an action of the semigroup S as automorphisms
on A, then there is an isomorphism of rings

o~ ~

5*4 2 (S* %~ 4)

IR

(S* %5 A) #5*

If 4 is unital, we get an isomorphism S*4 =5 ¥~ A = (8" x5 AYHS™, as these three
rings are equal to the three rings (respectively) in the above displayed sequence of
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isomorphisms. Moreover, if S is right x-cancellative and Li. then each of these rings
is isomorphic to the incidence ring 1(S*,A).

As another consequence of Theorems 2.3 and 2.5, we use them along with [4,
Corollary 2.27 and Proposition 3.6(3)] to obtain immediately

Corollary 2.8. Let A be a unital ring, and let S be an Li. semigroup.

(a) Suppose that ¢ is a locally unital action of S* as endomorphisms on A. Then
the category S*x, A-gr, (consisting of those S-graded left S* x5 A-modules having {0}
z-component) is equivalent to the category S *~A4-mod of all left S *~ A-modules.

(b) Suppose that v is a locally unital reversing action of S* as endomorphzsms on
A. Then the category A x, S*-gr, (consisting of those S-graded left A *.. S*-modules
having {0} z-component ) is equivalent to the category A *fs*-mod of all left A *~S*-
modules. l /

(c) If S is right x-cancellative, and if ¢ is an action of S* as automorphisms on
A, or if v is a reversing action of S* as automorphisms on A, then the categories
S* *, A-gr. and A *. S*-gr, are each equivalent to the category 1(S*,4)-mod of all
left modules over the incidence ring I1(S*,A).

Example 2.9. Let B be any unital ring. Let S denote the semigroup of I', where I' is
the directed graph

1 2 n

The path ring R = BI' is equal to the (contracted) semigroup ring BS*, so that R is
naturally graded by S. A straightforward computation shows that the preordered set
S< is actually partially ordered. In fact, this partially ordered set may be viewed as a
disjoint union of chains, represented as a Hasse diagram by

Thus by Corollary 2.6 (using the identity action of S* on B) we have an isomorphism

BS*#S* = BS* = I(S*,B) = B® Uy(B) ® Us(B) D - - - & Up(B)

(direct sum as rings).

We note that by Corollary 2.8, the category BS*-gr. is in this way realized as the
category of modules over a direct sum of incidence rings.
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As a specific example, let S be the semigroup of Example 1.3. Then £S* is the path
algebra of the directed graph - — -5 , so that the ring AS* #S* is isomorphic to the
ring k£ & U,(k), which in turn is isomorphic to the ring W of Example 1.3. [

If G is a group, then for each g,4 in G we have g < A in the preordering described
above, as g = (gh~')h. In particular, for any ring 4 and finite group G the ring
1(G,4) is equal to M|g(4), the full |G| x |G| matrix ring with coefficients in 4. Thus
by Corollaries 2.6 and 2.7 we immediately obtain the following “duality” results of
Cohen and Montgomery.

Corollary 2.10. ([6, Theorem 3.2]) Let G be a finite group. If ¢ is an action of G
as automorphisms on the unital ring A, then

(G*; AY#G = Mi(4).
If vy is a reversing action of G as automorphisms on the unital ring A, then

(4 *, G)# G = Mg (4).

3. “Skew-smash—skew” constructions

Unlike the results of the previous section (especially Theorems 2.3 and 2.5), and
unlike the results for groups (e.g. [6, Theorem 3.5]), we will not in general be able to
realize “smash—skew” rings as skew semigroup rings with coefficients in the original
graded ring. Perhaps surprisingly, however, we are able to obtain satisfactory results
in the situation where the underlying graded ring is itself a skew semigroup ring. In
fact, in this setting we obtain results which are similar in flavor to those of the skew—
smash variety. Specifically, the underlying semigroup is used to produce new, related
semigroups, and the resulting skew-smash—skew rings are then shown to be isomorphic
to skew semigroup rings over these new semigroups.

The process which yields the more general type of skew semigroup rings (i.e. those
of the form (S* x 4) and (4 »§*)) will produce skew—smash—skew rings which are
rather straightforward to describe; see e.g. Propositions 3.2 and 3.3. Such a descrip-
tion will follow from the results of Section 2, together with some observations about
“skew—skew” rings of a special type. On the other hand, the skew semigroup ring
construction which produces rings of the form S* x4 and 4 *S* for unital 4 will yield
skew—smash—skew rings which are significantly different from these, and are not as easy
to describe. Thus most our focus in this section will be on rings of these latter two
types.

Rephrasing, our goal for this section is to describe rings of the form skew—smash—
skew. There are two types of skew semigroup rings; one general, one arising only for
unital coefficient rings. For each of these, there are two types of resulting rings: those
arising from actions and those arising from reversing actions. Both types are graded
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by the appropriate semigroup, so we can form the corresponding skew—smash rings,
as was described in the previous section. But as noted in Definition 1.4, there are four
naturally occurring smash-skew rings. As a consequence, there are 2 X 2 x 4 = 16
types of skew—smash-skew rings which we aim to investigate. Clearly an explicit de-
scription of all 16 types would exceed the limits of the readers’ interest: thus we
will, whenever possible, simply state the appropriate results, and indicate that the
corresponding proof is either easy, or is completely analogous to a proof presented
previously.
We begin by describing “skew—skew” rings of a special type.

Proposition 3.1. Let 4 be a ring, and let S and T be semigroups. Suppose ¢ is an
action of T as endomorphisms on A. Suppose further that x is an action of S* as
endomorphisms on (T* *, A} with the properties:

(i) For each s € §* and t € T* either (tA) = 0 or (tA)* CHA for some
) € T*. In this case we denote the (necessarily unique) element t| by "),

(ii) (1Yo = (t“))a whenever t € T* has (t4))* C 4.
In this situation we let U = S* x T*U{zy}, where zy is some symbol not in $* x T*,
U is a semigroup with multiplication defined by setting zy to be the zero element of
U, and

5.1 (1) = {(ss’,t“/)"t’) if ss’ E S* and Y%t € T*;

Zy otherwise.
(So U is just the semidirect product of S and T via k). Then the map 6 : U* — E(A)
given by setting ((s,t))8 = (t)a is an action of U* as endomorphisms on A such that
(S* #, (T* x5 A)) = (U* g A). That is, the “skew—skew” ring (S* *, (T* x, A)) is
isomorphic to a skew semigroup ring with coefficients in A.

Proof. All assertions in this proof are straightforward to check; their verifications are
left to the reader. We note that property (ii) is required to show that 0 is an action, and
that the indicated isomorphism {($* %, (T* x, A)) — (U* %9 A) is given by the linear
extension of s[ta] — (s,t)a. O

Proposition 3.2. Let ¢ be an action of the right x-cancellative semigroup S as endo-
morphisms on the ring A. Then there exists a semigroup S and an action 8 of §* as
endomorphisms on A such that

(S %y (S %o A) #S) 2 (S x5 4).

That is, the skew-smash-skew ring (S* %, (S* x, A) #8*) is isomorphic to a skew
semigroup ring with coefficients in A.

Proof. By Theorem 2.3 we have that (S* x, A)#5* = (§* *~A). It is now easy to
check that under this identification, the action p of S* on (S* *, 4) #S* given in
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Definition 1.4 corresponds to an action of §* on S~ *~A (which we also denote by p)
defined by the linear extension of

o _ [(xy)a if sxy €S
((s,x)a) { 0 otherwise.

Moreover, p and & are easily shown to satisfy properties (i) and (ii) of Proposition 3.1,
with p in the role of k and @ in the role of g. Thus Proposition 3.1 applies, and yields
(S %, (S* 45 A) #S™) = (S* %, (E**?A)) = (U* %y A). We denote U in this situation by
S; S can be explicitly described as S = §* x §* U {zs} = {0 (5,x)) | sx € §*} U {z5},
where multiplication is given by -

(v, (ss',x")) if yy' €8, ss'x' € §*
inS: (nsx) (V. ("x))= and xy' = s'x';
0 otherwise.

Furthermore, the isomorphism (S* %, (S* %, 4) #5*) = (§* %9 4) is given by
Q:s'[(sa)es ] — (5, (s,x))a. U

There are seven additional skew—smash—skew rings which can be formed using the
general version of skew semigroup rings; their development is completely analogous
to the one given above. Specifically, we consider an action or reversing action of a
semigroup S on a ring of the form (T* «A) or (4 T*), and describe the resulting
skew—skew ring as a skew semigroup ring with coefficients in 4. Then, employing the
identifications afforded by Theorems 2.3 and 2.5 we describe an isomorphism from an
appropriate skew—smash—skew ring to the resulting skew semigroup ring. We describe
three of these rings in the next proposition. The proofs are entirely similar to the
proofs given in Propositions 3.1 and 3.2 and so are omitted. (We remark that the right
x-cancellativity of S is required to produce the action p of §* on smash product rings.
On the other hand, even though this condition is not required to produce the reversing
action A of §* on smash product rings, due to our desire to mimic property (i) in
Proposition 3.1, we do need right *-cancellativity in order to realize skew—smash-skew
rings for reversing actions as skew semigroup rings for new semigroups.)

Proposition 3.3. Let A be a ring, and let S and T be semigroups. Suppose ¢ is an
action or reversing action of T* as endomorphisms on A. Suppose further that i« is
an action or reversing action of S* as endomorphisms on (T* x; A) (resp. (A *, T*})
with the properties:
(i) For each s € S* and t € T* either (tA)* = 0 (resp. (AD®* = 0) or
(A CHA (resp. (AN CAty) for some ty € T*. In this case we denote
the (necessarily unique) element t; by 1.
(ii) ()0 = (t%)o whenever t € T* has (tA))" C19%4 (resp. (At)S)X C A19*),
(1) In case o is an action and k is a reversing action then there exists a semi-
group U and an action 0 of U* on A such that ((T™* %5 A) % S*) = (U" %9 A4).

~

If' S is right x-cancellative, then applying this general result with S in the role of
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T and S° in the role of S together with Theorem 2.3 yields an isomorphism
Q : (((S* %5 A) #8*) %, S7) = (S* *¢9 A), where S* = §* x §°* as sets, and mul-
tiplication is given by: . )
((ss',x'y), y'y) if ¥y eS*,ss'x'y e 8
in S ((52),2) (%)) = and x = s'x'y;
~ Zg otherwise.

~

(2) In case ¢ and k are each reversing actions then there exists a semigroup U
and a reversing action 0 of U* on A such that ({4 %, T*) %, S*) = (A% U*). If §* is
right x-cancellative, then applying this general result with S in the role of T together
with Theorem 2.5 yields an isomorphism Q : (((A *g S*) #8%)#; S*) = (A %y i*),

where S* =S* x S* as sets, and multiplication is given by:
—

in E) . ((s’x)’y)'((slsx/)’yl)

((ss', k), yy') if there exists (unique) k € §* with
= ky=x" and x = s'k, and yy’ € §*;
Zg otherwise.

—

(3) In case a is a reversing action and k is an action then there exists a semigroup
U and a reversing action 8 of U* on A such that (S* x, (A%, T*)) 2 (Axo U*). If

S is right x-cancellative, then applying this general result with S in the role of T
and S° in the role of S together with Theorem 2.5 yields an isomorphism Q :
(S %) ((A %6 STYHS™)) = (A g S *), where S * = 5°% x §°* as sets, and mul-
tiplication is given by
'y, (ss',x")) if yyeS* ss’x €8
VA

in S (5Gx) (VX)) = and x = sx'y;
zZ g otherwise.
~—

We note that there are four additional statements analogous to those made in Propo-
sitions 3.2 and 3.3 above, for rings of the form S°* x 4 and 4 * §°*; we invite the
reader to provide such statements as he/she sees fit.

It is straightforward to check that the four semigroups S, S, i , and \S;J are iso-
morphic in case S is a group.

We now undertake the task of describing skew-smash—skew rings in the context
of unital rings. This is a rather messy undertaking in general. However, with a mod-
icum of additional structure (namely, that S is 1.i.), we can explicitly describe the
elements of the “smash-skew” portion of such rings, which will in turn allow us
to describe “skew-smash—skew” rings as skew semigroup rings for appropriate semi-
groups. As we shall see, there is a somewhat surprising lack of symmetry in these
constructions. The information contained in the next lemma appears in [3, Section 4];
we omit the proof here.
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Lemma 3.4. Let R be a locally unital ring graded by the right x-cancellative Li. semi-
group S. Let p (resp. i) be the action (resp. reversing action) described in Definition
1.4,

(1) The elements of S* *, [R#S*] are sums of expressions of the form
{hlrresyy)| fg#z, ry € Ry, and fg = [h for some / € §*}.

(2) The elements of [R#5*] %, S°* are sums of expressions of the form
{[rrergqlh| fg#2z rr €Ry, and g=1h for some | € S*}.

(3) The elements of [R#S*]*, S* are sums of expressions of the form

{[rreraqlh | fg#2 rs €Ry, and gh+#z}.

(4) The elements of S°* ; [R#S*] are sums of expressions of the form
{hlrresyy) | fg#z, ry € Ry, and fgh# z}.

The procedure carried out at the beginning of this section to describe general skew—
smash—skew rings involved using the isomorphisms of Section 2, together with a de-
scription of skew—skew rings. We are unable to follow the same type of procedure
here. Essentially, this is due to the fact that the process of multiplying scalar elements
in R#S* by an element of the form (I1z#s+)*” or (1gss-)** does not correspond to
an endomorphism of R#S*. Thus we are required to treat each of these skew—smash—
skew rings as a separate case, a process which will take up the remainder of this
article.

As long as the action or reversing action of the semigroup S on a ring of the form
(T* x5 A) or (4 %, T*) restricts to an action or reversing action of S on subrings of the
form T* %, A or A%, T*, then the resulting skew—smash—skew ring in the unital setting
will be a subring of the corresponding general skew—smash—skew process. We have
already exhibited isomorphisms between these general skew—smash—skew rings and
skew semigroup rings with coefficients in 4 (Propositions 3.2 and 3.3). Fortunately,
we will be able to utilize restrictions of these isomorphisms to the appropriate subrings
in order to realize these subrings as skew semigroup rings with coefficients in A4.

We now give the first of eight results in which we realize a skew—smash—skew ring
in the unital setting as a skew semigroup ring with coefficients in the original ring of
scalars.

Theorem 3.5. Let S be a right x-cancellative Li. semigroup, and let o : S* — E(A) be
a locally unital action of S* as endomorphisms on A. Then there is an Li. semigroup
S and a locally unital action  : S" — E(A) which yields an isomorphism of rings

5wz A 228" %, [(S* %, A)#S"].

Proof. We let S denote the Li. semigroup whose elements are

S={(Lhf.g)e(S) | fhes, lgeS*, and fh=Ig}uU{z},
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and where multiplication is defined in S by setting

UV R, f,g) it I'g € S*, fhi € S*
inS: (Lhf.g) (K, f,g)= and g = f;
z otherwise.

It is easy to check that E = {(ey,€}.9.9) | g € S} is a set of local identities for S, and
that S is a category whenever S is. We define the locally unital action @ : S~ — E(4)
of S as endomorphisms on 4 by setting (1,4, f,g)c = (I)o.

A tedious check (utilizing the right *-cancellativity of ) reveals that for /,g,# € S*
with lg € S~

NY%)ey, , if there exists £ €S* with lg=fh;

Lrus ) - 1[1Daey, o=
(1p#s+) ( 979 o otherwise

as elements of (S™ %, A)#S™.

For the remainder we utilize the notation given in the proof of Proposition 3.2. We
define the function ¢ : § — S by ¢ : (LA, f,g) — (h,(l,g)). It is tedious to show that ¢
is an injective semigroup homomorphism (the right x-cancellativity of S is required for
injectivity). This function is easily shown to induce an injective ring homomorphism
T: S %74 — (8" %9 A). We now consider the map Q : S~ 74 — S* *, [(S* % A)#S*]
defined by setting 2 = o o Specifically, 2 is the linear extension of the function
described by

Q:(Lh, £, 97q) s R[I[17aley, , ).

The computation above indicates that in this situation we have A[/[17g]e, ] =
R[(1res- ) - [[1M%a)ey,,], so that © indeed maps into S* +, [(S* * 4)#S*]. That
Q is onto is seen by using the same computation. [

In a manner analogous to that described above, we may use the semigroup S to
obtain a description of another skew—smash—skew ring.

Theorem 3.6. Let S be a finite right *-cancellative Li. semigroup, and let 7y : §* —
E(A4) be a locally unital reversing action of S as endomorphisms on A. Then there is
an isomorphism of rings A *=§ 22 5% x, [(4 +, S*)#5*].

Proof. We define the map Q : 4 *7:5"* — 8" x,[(A%,57)#S5"] to be the linear extension
of the function [al“%/-9)(L h, f,g) — h[[a1("")le},,). By proceeding in a manner
similar to that given in the proof of the previous theorem, it is straightforward to show
that Q is indeed an isomorphism of rings. [

We now give three results analogous to Theorem 3.5 for three additional types of
skew—smash—skew rings.
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Theorem 3.7. Let S be a right x-cancellative Li. semigroup, and let ¢: S* — E(A4)
be a locally unital action of S* as endomorphisms on A.

(1) There is an Li. semigroup S and a locally unital action & : S* — E(A) which
yields an isomorphism of rings S x~A X [(S" x5 AY#S™] %, S

(2) There is an li. semigroup S and a locally unital action & : R E(4)
which yields an isomorphism of rings K * A [(S" %, A)#S™] %, 5™

(3) Using the same semigroup S and same action & as described in statement (1),
there is an isomorphism of rings S* *~A4 28 %, [(S* %, A)#S”).

Proof. As the verifications of the statements made in this proof are analogous to those
made in the proof of Theorem 3.5, we simply furnish the appropriate definitions of the
new semigroups, actions, and isomorphisms. For brevity we utilize the notation given
in the statement of Proposition 3.3.

(1) We let S denote the Li. semigroup whose elements are
S={(f,g.De )| fgl €S Uz},
where multiplication is defined in S by setting

(ff.g. 1) if g=f'g

otherwise.

inS: (figD) (f.d.1)= {

The set E = {(eg,9.€,) | g € S*} is a set of local identities for S,and S is a
category whenever S is. We define ¢ : §* — E(A) by setting (f,9,1)d = (f)o. We
now define the function ¢ : § — § by setting (f,g,1) — ((f,gl),]). It is tedious to
show that ¢ is an injective semigroup homomorphism (the right x-cancellativity of S
is required for injectivity). This function induces an injective ring homomorphism ¢ :
S* *~A4 — (8" x9pA). The map Q:5s =4 — [(§” *JA)#S ] *, §°* produced by
setting Q =ToQ ! is the desired isomorphism. Specifically, Qis the linear extension
of the function described by

1 (f, 9 DIV a)— [f11V " ale gt ).
(2) We let 'S denote the Li. semigroup whose elements are
S ={(f,h 1) eS| fRES* and hl € '} U{T},
where multiplication is defined in K by setting

.
in §: (fRD-(f 01
(ff. k1) if ff €81 €S*, and 3k € §*
= with & = f'k and kI = I';

z otherwise.
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The set £ = {(eg.9.€;) | g € S*} is a set of local identities for 'S, Unlike the
semigroups S and S, the semigroup 'S’ need not be a category even when S is (see the
remarks subsequent to this proof). We define & : § E(A) by setting (f,h,1)7 =
(f)o. We now define the function ¢ : s - i by setting (f,h,1) — ((f,h),1). It is
tedious to show that ¢ is an injective semigroup homomorphism. This function induces
an injective ring homomorphism ¢ : ?**?A — (?**9A>. The map Q- ?**_G,A —
[(S™ x5 A)#S*] %, S* produced by setting Q= o _%“ is the desired isomorphism.
Specifically, @ is the linear extension of the function described by

Q (DRI g [ 1 e )l

(3) If R is any locally unital ring graded by S, then by [3, Proposition 4.6(1)] we
have S x,;[R#S*] = [R#S*]*,5°". The result now follows by setting R = S* *,4, and
using part (1) of this theorem. For completeness, we note that an explicit description
of this isomorphism is given by the linear extension of the function

= ~
Q " (f, g DNVl — I f[1Ya)es, ). O

Unlike the corresponding results for S and S, it turns out that 'S need not be a
category when S is a category. For instance, let X be the totally ordered set {a,b,c,d}
where a < b < ¢ < d. We let S denote the semigroup X< as described in Section
2; it is easy to show that S is a category. For notational simplicity we set <, ;= 4,
<pe=B, <ca=79 <aa= 1, <pp=2, <. =3, and <, 4=4. Then it is straightforward

to check that in S we have
((X, ﬁa }') : (ﬂ’ %4) = (aﬂa3a4) 7é ? and (ﬁay’4) ' (%494) = (ﬁ’y34’4) # ?a
while [([X, ,Ba 7) : (,B’ %4)] ' (}" 474) = (EX,B,3, }') ’ (%4’4) =7Z.

Suppose that the semigroup S is super-cancellative; that is, if u,u’,v,w,w’ € §* with
uvw = u'vw’ # z, then u = u’ and w = w’. For instance, any semigroup arising from a
partially ordered set or an acyclic directed graph has this property. We define a relation
7 on §* by setting, for each pair c,d € S¥,

ctd in case Af,k,g € S* with ¢ = fk and d = kg.

Then (as described in [1]) we may form the “generalized incidence ring” I(S*,7,4). A
straightforward check yields that, in this setting, /(S*,1,4) is isomorphic to the semi-

group ring E’*A, via the linear extension of the map which takes (f,h,1)a € K
to aespp € 1(S*,1,4). In fact, the skew—smash—skew construction described in this
section was the first author’s original motivation for considering these generalized in-
cidence rings.

In the situation where R is an algebra over a field which is graded by the semigroup
S, Beattie [5, Example 2.10] has given a description of rings of the form [R# S*] %, S*
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as rings of matrices with a nonstandard multiplication. Her approach utilizes notations
and techniques from Hopf algebras. Beattie’s description of [R#S™] *; S* is not as a
skew semigroup ring with coefficients in R, but rather as matrices whose entries are
taken from appropriate S-components of R. In the specific case where ¢ is an action
as automorphisms and R = S* #, 4, then each of the S-graded components of R is
isomorphic to 4. This observation yields that when 4 is an algebra over a field, our
construction coincides with Beattie’s.

We complete our description of skew—smash-skew rings by listing out the final three
isomorphisms; these are the analogs of Theorem 3.6.

Theorem 3.8. Ler S be a finite right x-cancellative Li. semigroup, and let y : S* —
E(A) be a locally unital reversing action of S* as endomorphisms on A.

(1) There is an isomorphism of rings A *;S* = [(A*, S*)#S™] x, 8%, given by the
linear extension of the function [al"9D1(f, g, 1) —s a1V fesrgg)l .

(2) There is an isomorphism of rings A *_, §r [(4 %, S*)#S5*] ; §*, given by
the linear extension of the function [a1FDV(f, k1) — [[alU7] fe 1]l

(3) There is an isomorphism of rings A+~ 8 = 8% x; [(A *, S)#S8*], given by the

linear extension of the function [alV-4](f,g,1) —> I[[alVV]fey, ,]

We now describe the semigroups S, S, and S for a particular semigroup S.

Example 3.9. We again let S denote the semigroup {1,,2,z} described in the previous
Examples. It is tedious but straightforward to verify the following statements regarding
the semigroups which arise from S.

(1) S = {(1,1,1,1),(1, 2, 1,0), (1,2, 00, 00), (o, 2, 1,2), (20, 2,2, 2),(2,2,2,2) } .
Moreover, S is isomorphic to the semigroup with zero consisting of the upper triangular
3 X 3 matrix units and 0. Specifically,

S = {ei1, e, e13,e22,€23,€33,0} .

(2) S* = {(, 1, 1), (1, 1,a),(1,0,2),(2,2,2),(2,2,2)} . Moreover, S is isomorphic to
the semigroup with zero consisting of the following five 3 x 3 matrix units and 0.
Specifically,

S = {e11,e21, €2, €23,€33,0} .

(3) §* ={(1,1,1),(1, 1,a),(1,0,2),(2,2,2),(2,2,2)} . Moreover, § is isomorphic
to the semigroup with zero which arises from S by identifying e;3 with 0. Specifically,

—
S = {eyy, e, ex,623,€33,0}  where we define ej; - e;3 =0.

. = — . . .
We note that, as S is a category, the elements of S* and S * coincide. However, as is

- . . e -
apparent from their representations as matrix units, the semigroups S and S are not
isomorphic. O
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We conclude with some observations regarding the constructions presented in this
section. First, we note that the descriptions given in the above Example indicate that
certain “related” skew semigroup rings need not be isomorphic. Specifically, we let S
act on the field £ via the identity action, and we let A denote the ring AS™ #S*. Then
by invoking the appropriate theorems of this section, the rings S* %, 4, 4 %, 5°%, and

A=;8* are isomorphic, respectively, to the semigroup algebras k§*,k3’*, and k S*. It is
straightforward to show that these three semigroup algebras are pairwise nonisomorphic.

Second, if G is a group then we define the semigroup T = {(f,g,h) € G*}U {zr},
where multiplication in T is given by setting (f,g,h) - (f',¢’.h") = (f. ¢, ht') if
g = f, and zr otherwise. Then the semigroups G, G, and G are each isomorphic
to Tg; the appropriate isomorphisms to Tg are given by sending (1,4, f,g) in G to
(f,g,h), sending (f,g,/) in G to (fgl,g,1™"), and sending (£, h,1) in G to (fh,hl, ).
Moreover, for any ring 4 and any action ¢ (resp. reversing action y) of G as automor-
phisms on 4, each of the resulting skew—smash-skew rings is isomorphic to the full
|G| x |G| matrix ring M)g|(G =, 4) (resp. M|g|(4 *, G)). As a consequence of this last
observation we conclude that, in contrast to the isomorphisms described in Corollaries
2.8 and 2.9, the skew semigroup rings involving G, 6, and G need not be isomorphic
to the corresponding (unskewed) semigroup rings.

Third, it is easy to show that if S is Li., then S embeds in each of the semigroups

S, §, and ? These embeddings are not as direct summands.

Fourth, it is shown in [2] that if R is a locally unital ring graded by the lL.i. semi-
group S, then the ring R#S* may be viewed as the ring Endg-5;(U(R)) of graded
endomorphisms of the canonical S-graded module U(R). As given in [2, Proposition
3.3], there are natural locally unital actions and locally unital reversing actions of S* as
endomorphisms on Endg-g(U(R)). It is tedious but straightforward to show that these
actions and reversing actions correspond to the actions and reversing actions of $* on
R#5* given in Definition 1.4, under the identification of R#S* with Endgz_o(U(R)).

Finally, suppose R is graded by the Li. semigroup S. We would like to realize rings
of the form (R#S5*) *S* or §* x (R#S™) (i.e., general smash-skew rings) as skew
semigroup rings with coefficients in R. This was done by Cohen and Montgomery for
the case when S = G is a finite group: by [6, Theorem 3.5] any ring of the form
(R#G)* G or G*(R#G) is isomorphic M, (R), which in turn is isomorphic to RG*.
However, we are unable to obtain such a result for more general semigroups. Briefly,
this is because for a group G, for any two elements ¢,d € G, the number of elements
in the semigroup G (described in the proof of Theorem 3.5) of the form (c, h,d, g) is
exactly |G|. In an arbitrary semigroup, however, this number can vary (depending on
the pair c,d).

On the other hand, the isomorphisms presented in this section indicate that we are
able to obtain results similar to those described in the previous paragraph in the specific
case when R itself is a skew semigroup ring over S having coefficients in the ring 4.
In this situation, however, we obtain skew semigroup rings having coefficients in A4,
rather than in R.



22 G. Abrams, C. Meninil Journal of Pure and Applied Algebra 109 (1996) 1-22

The above remarks notwithstanding, we are able to obtain, for rather general semi-
groups, concrete descriptions of rings of the form (R#S*) * S* and S* x (R#5*) in
terms of the coefficient ring R. Specifically, in [2] we generalize the group-theoretic
results of Albu and Nastdsescu by describing these smash—skew rings as specific types
of rings of endomorphisms of a canonical graded module.

The authors are extremely grateful to the referee, whose insightful comments helped
them to significantly improve both the mathematical content as well as the presentation
of the original version of this manuscript.
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